COMPUTER ENGINEERING
DISCRETE MATHEMATICS
(CBCGS - DEC 2017 SEM 3)

Q1.a) Prove that 1.1! + 2.2! + 3.3! + ... + n.n! = (n+1)! -1 where n is a positive
integer. [5]

Solution:-
Let p(n) = 1.1! + 2.2! + 3.3! + -- + n.n!
Let us prove p(1) is true;
n=1; => LHS: 1.1!=1
RHS: (n+1)1=-1 => (2)I-1 => 2-1=1

Let us assume p(k) is true
1.11+221+ 331+ .+ kkl=(k+1)1 -1 e, (1)
LHS - 1.1'+2.21+3.31+ ..+ k.k! + (k+1)(k+1)!

=> (k+1)! =1 + (k+1)(k+1)!

=> (k+1)! + (k+1)(k+1)! -1

=> (k+1)![1+k+1] -1

=> (k+1)![k+2] -1

=> (k+2)! -1

= RHS

Thus the result is proved.

Q1.b) Let A={a,b,c}. Show that {P(A), € } is a poset and draw its Hasse
diagram. [5]

Solution:-

Set contained belongs is always a partial order since for any subset B of A; B is a subset of B
is reflexive.

If BS Cand CS => B=C;s0C< isanti symmetric




IfBESC,CES DthenB S D. So C is transitive

Partial order relation of set containment on set P(A) is as follows:-
R={{ob{e}}; ({eh{a}}; {{eh{b}} {or{a); {{ed{ablh {e}{ach); {{e){b.cl}
{{e}{ab,c}:{{a)(a}}; {{a}.{ab}}; {{a}.{a.c}}; {{a}.{ab,c}}:{{b}.{b}}:{{b}.{ab}}
{{b}{b.c3{{b}.{ab,ch{{ch{c}h{{ch{ac}}); {{c}.{b,c}:{{c}.{ab,c}};{{ab}.{ab,c}}
{{b,c}.{ab,c}};{{ab}{ab}}:{{ac}{acth{{b,cl{b.c}}:{{ab.c}{ab,c}}

Diagraph:-

{¢} {a} {b} {c} {ab} | {act | {bc} | {abc}

¢} |1 1 1 1 1 1 1 1
a3 |o 1 0 0 1 1 0 1
b}y |o 0 1 0 1 0 1 1
¢ |o 0 0 1 0 1 1 1
{ab} |0 0 0 0 1 0 0 1
{ac} |o 0 0 0 0 1 0 1
{o,c} |0 0 0 0 0 0 1 1
{ab,c} |0 0 0 0 0 0 0 1

Step 1:- remove loops:




Remove transitive edges:-

{e{ab}}.{e}{adh{{oh b} {e}{abc}}{al{abcl{{bl{ab.c}}{c}{ab.}}

All edges are pointing upwards. Now replace circles by dots and remove arrows from edges.

Hasse Diagram:-

{a,b} {b,c}
{c,a}

1b}

{a} {c}




Q1.c) Explain the following terms:

[5]
i Lattice
ii. Poset
iii.  Normal Subgroup
iv.  Group
V. Planar Graph
Solution:-

1. Lattice :- Itis a poset (L, <) in which every subset {a,b} consisting of two elements
has a least upper bound and a greatest lower bound. We denote LUB({a,b}) byav b
and call it the join of a,b. similarly we denote GLB ({a,b}) by a A b and call it the meet
of aandb.

2. Poset:- Arelation R on aset A is called partial order if R is reflexive, anti symmetric
and transitive poset. The set A together with the partial order R is called a partial
order set or simply a poset.

3. Normal Subgroup :- A subgroup p of G is said to be a normal subgroup of G if for
every a € G, aH = Ha. A subgroup of an Abelian group is normal.

4. Group :- Let (A,*) be an algebraic system where * is a group if the following
conditions are satisfied.

1. *isclosed operation.

2. *isan associative operation

3. Thereis an identity operation.

4. Every elementin A has a left inverse.

Because of associativity ,a left inverse of an element is also a right inverse of the element in
a group.




5. Planar Graph:- A graphicis said to be planar if it can be drawn on a plane in
such a way that no edges cross one another except of course at common vertices.

Q1.d) Comment whether the function f is one to one or onto. Consider the
function [5]

Solution:-

f:N—N where N is set of natural numbers including zero.

f§) =" +2
Solution:-

fG) = j° + 2
N=1{0,1,2,3 ......... }
£(0) = 2

f(1) = 3

f(2) =6

f(3) = 11

f(4) = 18

For every number n € N we can find another n. so the given function is one to one.

But not every element of n € N is image of some element n. so the given function is not
onto.

Q2.a) Find the number of ways a person can be distributed Rs 601 as pocket
money to his three sons, so that no son should receive more than the
combined total of the other two. (Assume no fraction of a rupee is allowed)
Solution:- [6]

Let A,B and C be the 3 sons and a,b and ¢ be the money given to them respectively. By the
given conditions;0

as<b+c,a+b+c=601c=601
-a
a=300

Similarly, we can deduce that




b <30000and c < 300
So we have,
a<300,b<300,c<300300anda+b+c=601

The corresponding multinomial is
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601 .

Hence the coefficient of X~ in the above expression is

603) . (302) _
(601) 3x(300] = 45150

Q2.b) Let A ={a ,a,a,a,a.} and let R be a relation on A whose matrix is
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Find M_ * by Warshall’s algorithm. [6]

Solution:-

A={a ,a,a,,a,a.}
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Computing W, :
C

1

R

1

1 ispresentat 1,4

lis presentat 1,4

Put1in(1,1);(1,4);(4,1);(4,4)

10010
01000
W =100011
10010
01001

Computing W,

C

, =1lispresentat2,5

R

2

1is present at 2

Put1in(2,2) and (5,2)

10010
01000
W,=1000 11
10010
01001

Computing W,
C3 =1 is present at no position
R3 = lis present at4,5

No new ordered pair, therefore W, = W,

10010
01000
W,=10 00 11
10010
01001

Computing W,
C4 =1is presentatl1,3,4
R, = lispresentat1,4

Put1in(1,1);(1,4);(3,1);(3,4);(4,1);(4,4)

10010
01000
W,=1 0011
10010
01001

Computing W,




C, =1ispresentat3,5
R, = 1lispresentat 2,5

Put 1in (3,2);(3,5);(5,2);(5,5)

10010
01000

W.=111011
10010
01001

MY = W,

Transitve closure = {(a,,) (3,0, (8, (a0 a2, (1) a0, (32 (3,0,

Q2.c) Find the complete solution of the recurrence relation : [4]
a,+2a  =n+3 fornz2landwitha =3

Solution:-

a, =3

Recurrence relation:- a +2a  =n+3

The characteristics equation is:-

a+2=0

o= -2

Homogenous solution is :

a = A (-2)

For particular solution:

RHS is linear polynomial, the particular solution will be of the form P + Prl1
a,= p,+p,n

8,,= Py+Py(n-1)

Substituting these values in given equation

P,+Pn+ 2[P0+P1(n-1)] =n+3

P,+Pn+2P +2Pn-2P =n+3

(3P,-2P ) +3Pn=n+3

Comparing coefficient on both sides




_11
)
Thus the general solution is:
g = a®™ 4 o®

n n n

o 11 01
=A(-2) +—+=
an 1( ) 9 3

Using initial condition ; a,= 3

a = 1.78(-2)" + L 4+ 1p
" 9 "3

Q2.d) Let :R—R defined as f(x) = x° and g:R—R defined as g(x) = 4x” + 1
Find out gof,fog,f*,g” [4]

Solution:-
1. gof = g(f(x)) = g(x’) = 4(x°)*+1 = 4x°+1
2. fog= f(g(x)) =f4x’ +1) = (4x°+1)°

3. £ = fof = f(f(x) = f(x)) = ()’

4. g = gog = glg(x) = g4x’ +1) = 4(ax’+1)" + 1




Q3.3) Given that a student had prepared, the probability o passing a certain
entrance exam is 0.99. Given that a student did not prepare, the probability of
the passing the entrance is exam is 0.5. Assume that the probability o
preparing is 0.7. The student fails in the exam. What is the probability that he
or she did not prepare. [6]

Solution:-

Probability tree diagram

99 Pass

/\

Pr
0.7 0.01 Fail 0.01x0.7
0.05 Pass
0.3
Pr'
0.95 Fail 0.3x0.95
We will find:
P(Fail | Pr) = P(Fail N Pr)
P(Fail | Pr') = P(Fail n Pr’) + P(Fail N Pr)
p(Fail | Pr) = —0:3x095 47
0.3x0.95+0.7x0.01

Probability = 0.976

Q3. b) Define an equivalence relation with example. Let ‘T’ be a set of triangles
in a plane and define R as the set R = {(a,b)|a,b € T and a is congruent to b}
then show that R is an equivalence relation. [6]

Solution:-

A relation R on a set A is called an equivalence relation if it is reflexsive symmetric and
transitive.




eg:- let A = IR and R be ‘quality of numbers “.
Consider all subsets of a universal set and R be the relation ‘equality of sets’.
Ais set of triangles and R is ‘similarity’ of triangles.

Digraph of equivalence relation will have a loop. Edge from b,a if a,b is present and if are
from a,b and are from b,c; there should be are from a to c.

Let T be set of triangles in a place.

Since every triangle is congruent to itself; R is reflexive.

If Aa is congruent to Ab, then Ab is congruent to Aa; R is symmetric
If Aa = Ab and Ab = Ac implies Aa = Ac;

R is transitive.

Therefore R is equivalence relation.

Q3.c) Let A=B=R, the set of real numbers. Let f:A—B be given by the formula
f(x) = 2x°- 1 and let g:B—A be given by the formula

g(x) = 3]% . Show that f is bijection between AandBandgis a
bijection between B and A. [4]
Solution:-

fis bijection if it is one to one and onto f(x) = 2x° - 1 to be one to one and onto

Ifa,b €A

Such that f(a) = f(b)

2a®-1=2b*-1
a ="b’
a=b

fis one to one
now fory = 2x°-1
1+y= 2x°

2




For each y € B;there exist unique x in A
Such thatf(x) =y

fis onto

fis bijective

y is bijective if it is one to one and onto

g(a) = g(b)

sjla 1 3b1
— 4= = — 4=
2 2 2 2

Cubing both sides;
1 b 1

+= = —+=

a
2 2 2 2

a=>b

g is one to one.

Now for X € A; there exists unique y in B such that g(y) = x

g is onto.

So g is bijective.

Q3.d) Let z_denote the set of the integers {0, 1, 2, ..., n-1}. Let O be a binary
operation on z_denote such that a O b = the reminder of ab divided by n.

i) Construct the table for the operation O for n=4
ii)  Show that (z ,0) is a semigroup for any n.
Solution:-

1. Table for the operation * for n =4

[4]




2. Thesetz_is closed under the operation * because for any a,b,€ z_
(@a*b)€ z
(@a*,b)*,c=a*(b* c)

Leta=1;b=2;c=3

(1*,2)*,3=1%(2%,3)
2%,3=1%,(2)
2=2

Is associative operation

From above deduction ; (z , *) is semigroup for n.

Q4.3) [6]

1. Among 50 students in a class, 26 got an A in the first examination
and 21 got an A in the second examination. If 17 students did not
get an A in either examination, how many students got an Aiin
both examinations?

2. If the number of students who got an A in the first examination is
equal to that in the second examination. If the total number of
students who got an A in exactly one examination is 40 and if 4
students did not get an A in either examination then determine
the number of students who got an A in the first examination only,
who got A in the second examination only and who got an Ain
both the examination.

Solution:
a) LetT be no of students
Let F be students who got A in 1° exam

Let S be students who got A in 2" exam




b)

n(T) =50; n(F) =26; n(S)=21

no of students who did not get on A in either examination = 17
no of students got an A in at least one examination is 50-17 = 33
no of students got A in both exams is n(FNS)

33 =n(F) + n(S) — n(FNS)

N(FNS) = 47-33 =14

Number of students who got an A in 1% exam equal to that in 2" exam; n(F) = n(S)
Total no of students who got an A in exactly one examination is 40

N(F) + n(S) - 2n(FNS) =40  ................ (1)

4 students did not get an A in at least one examination is 50-4 = 46

From (i);

n(F) + n(S) — 2n(FNS) =40

n(F) + n(S) -n FNS) —n(FNS) = 40

46 —n(FNS) = 40

6 students got an A in both examinations
Using equation (i)

n(F) + n(S) — 2n(FNS) =40

n(F) + n(S) — (2 x 6) =40

n(F) + n(S) =52

n(F) =n(S) =52/2 =26

n(F) —n(FNS) =26-6 =20 got A in first exam

n(S) —n(FNS) =26-6 = 20 got A in first exam.

50




Q4.b) Consider the (2,5) group encoding function [6]

e:B°-B° defined by :
€(00)=000000 e(01)=01110
e(10)=10101 e(11)=11011

Decode the following words relative to a maximum likelihood decoding
function:

i) 11110 i) 10011  ii)10100

Solution:-

e : B* - B’ defined by;

e(00) = 00000 e(01) = 01110
e(10) = 10101 e(11)=11011

decoding table;

00 01 10 11

00000 01110 10101 11011
00001 01111 10100 11010
00010 01100 10111 11001
00100 01010 10001 11111
01000 00110 11101 10011
10000 11110 00101 01011

1. We receive the word 11110 we first locate it in 2" column. The word at top is 01110.
We decode 11110 as 01

2. We receive the word 10011 we first locate it in 4™ column. The word at top is 11011.
We decode itas 11

3. We receive the word 10100 we first locate it in 3™ column. The word at top is 10101.
We decode it as 10.




Q4.c) (i) Is every Eulerian graph a Hamiltonian? [4]
3. Is every Hamiltonian graph a Eulerian?
Explain with the necessary graph.

Solution:-

1. Let G =(V,E) be a graph. A eulerian graph is a graph which passes through every edge
exactly once.

Let G,(V_,E,) be a graph. A Hamiltonian circuit is one which passes through every
vertex exactly one. A graph is called Hamiltonian if it posses a Hamiltonian circuit.

a b

Eulerian : a,b,c,d,a

Hamiltonian : a,b,c,d,a

Eulerian : ¢,a,b,c,e,d,c
No Hamiltonian

Hence every eulerian graph is not Hamiltonian.

2. In Hamiltonian graph, we need to visit each vertex once except last vertex.




Repetition of edge is not necessary. Therefore Hamiltonian graph may not be
Eulerian.

Hamiltonian but not eulerian(since it is not possible to cover all edges at once).

Q4.d) Given the parity check matrix. (4]

110100
H=10 1 1. 0 1 0
1 01001

Find the minimum distance of the code generated by H. How many errors it
can detect and correct?

Solution:-

110100
011010
1 01 0 01

H=

In the given parity check matrix, all columns are distinct and non zero.
Sod>=3

We can use the property that the minimum distance of a binary linear code is equal to the
smallest no of columns of the parity check matrix H that sum upto zero.

We can so sum of first three columns is zero so minimum dist = 3
It can correct (d_ -1)/2 =1 error
min

It can detect dmin -1 = 2 errors.




Q5 a) Explain pigeonhole principle and extended pigeonhole principle. Show
that in any room of people who have been doing some handshaking there will
always be at least two people who have shaken hands in the same number of
times. [6]

Solution:-

Pigeon hole principle : If n pigeons are assigned to m pigeonholes and m < n then at least
one pigeonhole contains two or more pigeons.

Extended pigeonhole : If n pigeons are assigned for m pigeonholes then one of the
(n-1)
m

+ 1 pigeons.

pigeonholes must obtain at least [

There are n people in a party.(n = 2). If no two people have shaken hands with equal
number of people then their handshake count must differ by at least 1. So the possible
choice for hand shake count would be 0,1 ...... n-1. These are exactly n choices and n people.
If there exit a person with (n-1) handshake count, there can be a person with 0 handshake
count. Thus reducing the possible choices to (n-1). Now due to pigeonhole principle , we
have that at least two person will have same number of handshake count.

Q5.b) Determine whether the poset with the following Hasse diagrams are
lattice or not. Justify your answer. [6]

_h
w /
-]




Solution:-

o o

1. LUB:-
\ a
a a
b b
c c
d d
e e
f f
g g

d

b
GLB:-

A a
a a
b a
c a
d a
e a
f a
g a

o [on [on




2. LUB:-

GLB:-




Q5.c) From the following digraphs, write the relation a set of ordered pairs.
Are the relations equivalence relations? [4]

b Q

C)
)
©

An equivalence relation is reflexive, symmetric and transitive.

R, = {(ab), (ac), (ba), (b,d),(c,c),(c,d)}
R, is not reflexive because (a,a) ,(b,b), and (d,d) does not exist

R, is not equivalence.




C# o

R, = {(aa), (bb), (c.c), (ab), (b,c), (c.a)}

Relation R, is reflexive and transitive but not symmetric because (a,b) exists but (b,a), (c,b)
(a,c) do not belong to R,

Hence R, is not equivalence relation.

Q5.d) For the set X = {2, 3, 6, 12, 24, 36}, a relation < is defined as x<y if x
divides y. Draw the Hasse diagram for (X, <). Answer the following:

i)What are the maximal and the minimal elements?
ii)Give one example of chain and antichain
iii)ls the poset a lattice. [4]

Solution:-

R = (2,2), (2,6), (2,12), (2,24),(2,36), (3,3), (3,6), (3,12), (3,24), (3,36), (6,6), (6,12)
- { (6,24), (6,36), (12,12), (12,24), (12,36), (24,24), (36,36) ]

Hasse diagram:-
1. Maximal: 24,36

Minimal : 2,3

2. Chain={2,6,12,24}
Antichain ={2,3}

This poset is not a lattice




24 36

12

Q6.3) Prove that the set (1, 2, 3, 4, 5, 6} is a group under multiplication modulo

7. [6]
Solution:-
Multiplication module 7 table for set A is
X, 1 2 3 4 5 6
1 1 2 3 4 5 6
2 2 4 6 1 3 5
3 3 6 2 5 1 4
4 4 1 5 2 6 3
5 5 3 1 6 4 2
6 6 5 4 3 2 1

1 is identity element of algebraic system

aX71 =a = 1X7a

eg- 1 X,1=2;2X,1=2;3X,1=3 e

recall that a”' is that element of G such that a * a”

2 X74 =M inverse of 2 =4
3 X75 =1 inverse of 3 =5
6 X76 =1 inverse of 6=6

We have 2 = 2




2°=2X2 = 4
2°=2X2 = 4X 2 =1
2'=8X2 = 1X2 =2
Hence |2|=3

2 is not generator
We have 3 = 3

3°=3X,3 = 2

3°=9X3 = 2X3=6
3'=27X,3 = 6X,3 =4
3°=3"X,3 = 4X,3 =5
3°=3"X,3 = 5X,3 =1

3 is generator of this group and is cyclic

Subgroup generated by {3,4} is denoted by <{3,4}> since 3,4 are element of this set they

have to be there in <3,4>
Inverse of 3is 5and 4 is 2
3,452 € <{3,4}>

3X4 =5 X_74=5

3X,3 =2X73=2
3X,5 =1 X75 =1
4X 4 = 2 X74=2

3X,2 =6 X_72 =6
5X,5 = 4
5X,6 =2

<3,4> = <1,2,3,4,5,6>

3 X6

2 X, 2

5X4 =6
6X,6 =1
5X,1 =5
1X1 =1
5X,2 = 3

Subgroup generated by <{3,4}> is the set A itself.

Hence the set (1, 2, 3, 4, 5, 6} is a group under multiplication modulo 7.




Q6.b) Given a generating function, find out corresponding sequence

1
3-6x

i)
Solution:-

1 1
1. — = ——
3-6x  3(1-2x)

i)—>—
1-5x+6x°

The simple geometric function that gives the sum of geometric series

1 0 n
- = X
1-x 2.0

Replace x by 2x

1 0 n n
T
T2x - 2w X

Multiply this by 1/3

1 1 0 n n
= 2y7 "
3(1-2¢) - 320X

2. %
1-5x+6Xx

We know : 1-5x + 6x° = (1-2x)(1-3x)

X

Therefore X 5 =
1-5x+6x

(1-2x)(1-3x)
x =A(1-3x) + B(1-2x)

Put x =% and 1/3

Weget A =-1 andB=1

1 1 ®

™= " T

a =3"-2" fornz0

Sequenceis (0,1,5,19,65,....)

— Enzo (3an _ Zan)

[6]




Q6.c) Determine whether the following graphs are isomorphic or not.[4]

Solution:-

Hence both graph G, and G, contain 8 vertices and 10 edges no of vertices of degree 2 in
both graphs are 4. The number of vertices of degree 3 in both graphs are 4.

For adjacency , consider the vertex 1 of degree 3. In G, it is adjacent to two vertices of
degree 3 and 1 vertex of degree 2. But in G, there does not exist any vertex of degree 3

which is adjacent to degree 3 and 1 vertex of degree 2. Hence adjacency is not presented.
Hence given graphs are not isomorphic.

Q6.d) Prove the following (use laws of set theory) [4]
A x(XNY) = (AxX) n (AxY)
Solution:-

A x(XNY) = (AxX) N (AxY)

Let (a,x) € Ax(XNY) vereereeenn (1)
By definition of the Cartesian product
a EAand x EXNYY

ince,x EXNY

x EX and x €Y

(a,x) €AxX and (ax) € AxY




(a,x) € (AxX ) n (AxY)

Ax(XNY) € (AxX) N (AXY) e, (2)
Againlet; (a,x) € (AxX) & (ax) € (AxY)

a€ A, xeX & x €YY

€E AA& x€eXnNY

(a,x) € Ax(XNY)

(AxX ) n (AxY) € Ax(XNY) ... (3)
From (1) and (2) we get,

Ax(XnY) = (AxX ) n (AxY)




DISCRETE STRUCTURES
DEC 19 (CBCS)

Q.P Code: 77261

Q1 a) Prove using Mathematical Induction

1242243%+...... n’=n(n+1)(2n+1)/6
Solution:
Let P(n)= 12+22+3%+......n?=n(n+1)(2n+1)/6
Stepl: n=1
LHS=12
=1

RHS=1(1+1)(2x1+1)/6
=1(2)(3)/6
=1

LHS=RHS

P(n) is true for n=1.

Step2:
Let P(n) be true for n=k
12422432+, ... K2=K(K+1)(2k+1)/6 ..o

Now we have to prove that P(n) is true for n=k+1

12422432+, ... .(k+1)*=(k+1)(k+1+1)[2(k+1)+1]/6

()
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LHS= 12422432+, . ... k*+(k+1)?

= k(k+1)(2k+1)/6 +(k+1)?
=(k+1)[k(2k+1)/6 + (k+1)]
=1/6 (k+1)(2k?*+k+6k+6)
=1/6 (k+1)(2k?+7k+6)
=1/6 (k+1) (k+2) (2k+3)

RHS=(k+1)(k+1+1)[2(k+1)+1]/6
=1/6 (k+1)(k+2)(2k+3)

LHS=RHS

P(n) is true for n=k+1

Hence from stepl and step2

By the principal of mathematical induction
1242243%+...... n’=n(n+1)(2n+1)/6

Q1Db) Let A={a, b, c } . Draw Hasse Diagram for {p(A), €
Solution:

A={a, b, c}

P(A)={¢. {a}, {b}, {c}, {ab}.{b.c}.{c.a}{ab,c} }

()
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Hasse Diagram is as follows:

{a,b,c}
{c,a} {b, ¢}
{a, b}
{c}
©
{a}
{6}

Q1 c)Let A={1,2,3,4,5}. A relation R is defined on A as aRb iff a<b. Compute R?and
R © 5)

Solution:
R={(1,2),(1,3),(1,4),(1,5),(2,3),(2,4),(2,5),(3,4),(3,5),(4,9) }

Diagraph of R is as shown below:

PN =
(1) o 2 \
Ny p 8 ey
N
l%\*\s/
S \ 2 \/
\ ?/ "‘\f,/
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R2:

1R23 since 1R2 and 2R3
1R?4 since 1R2 and 2 R4
1R?5 since 1R2 and 2R5
2R?4 since 2R3 and 3R4
2R?5 since 2R4 and 4R5
3R?5 since 3R4 and 4R5

R*={(1,3),(1,4),(1,5),(2,4),(2,5).(3.5)}

Reo={(1,2),(1,3),(1,4),(1,5),(2,3),(2,4),(2,5),(3,4),(3,5),(4,5)}

Q1d) Let f: R O R, where f(x)=2x-1 and f*(x)=(x+1)/2
Find (f O f1)(x)

Solution: (5)
f(x)=2x-1
f1(x)=(x+1)/2

(FO F)(9)= f(F*(x))

_f(2

MUQuestionPapers.com




=Xty
=2(—)1

=x+1-1

(F O F1)(x)=x

Q2 a) Define Distributive lattice. Check if the following diagram is a distributive
lattice or Not. (4)

Solution:

A lattice L is called distributive if for any elements a, b and c in L we have the
following distributive properties

l.an(bVc)=(aAb)V(aAc)
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2.aV(bAc)=(aVvb)A(aVc)

From given figure :

an(bVc)=aAl=a
While,

(aAnb)V(aAc)=oVo=o

Therefore given figure is non-distributive.

Q2 b) Prove that set G={1,2,3,4,5,6} is a finite abelian group of order 6 w.r.t
multiplication module 7.

Solution: (8)

| O B~ W N

| O B W DN P
Ol W | O & DN DN
A O N O W W
W o N o | BB
N B O | W o0 o
R NN W b O] OO O

Gl:
Consider any three numbers from table
5x (6 x3)=5x4=6
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(5x6)x3=2x3=6
As5x(6x3)=(5x6)x3

Hence X is associative.

G2:
From table we observe first row is same as header.

[€G

Hence Identity of x exists.

G3:

Consider any two number from table

4x2=1land2x4=1

Hence x is commutative.

G4

Inverse of x exists.

Q2 c¢) Find the number of positive integers not exceeding 100 that are not divisible
by 5 or 7. Also draw corresponding venn diagram. 8)

Solution:
Let

A: All positive integers not exceeding 100
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Al: Divisible by 5
A2:Divisible by 7

There are 100 integers not exceeding 100
|A|=100

There are 100 integers not exceeding 100, while a number divisible by5 is every 5%
element in the lost of positive integers. Use the division rule:

|A1|:% =100/5=20

Similarly we obtain for numbers divisible by 7 (round down)

IA2]= 'dﬂ =100/7=14

Numbers divisible by 5 and 7 are divisible by 35(round down)

IAL U A2|:'di| =100/35=2

By principal of inclusion-exclusion

IAL U A2J= |AL[+ |A2]- AT N A2
= 20+14-2
=32

Thus 32 of the 100 integers are divisible by 5 or 7 , then the number of integers not
divisible by 5 or 7 are

I(A1 U A2)%=|A-JAL U A2
=100 - 32
= 68
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Thus, there are 68 integers not divisible by 5 or 7.

Venn Diagram:

Al A2
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Q3 a) Construct Truth Table and check if the following statement is tautology.
P-Q < (—Q — ~P)

Solution: 4)
(P—Q) < (Q—"P)
P Q
T
F F
T
F T
T
T F
T
T T

Hence the given statement is tautology.

Q3 b) Consider the (2,5) group encoding function defined by (8)
e(00)=00000

e(01)=01110

e(10)=10101

e(11)=11011

Decode the following words relative to maximum likelihood decoding functions.
i)11110 ii)20011 ii)10100
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Solution:

The decoding table is as follows:

00000 01110 10101 11011
00001 01111 10100 11010
00010 01100 10111 11001
00100 01010 10001 11111
01000 00110 11101 10011
10000 11110 00101 01011

1) Encoded word= 11110
Corresponding encode word belongs to the column 01110
Therefore d(11110)=01

2) Encoded word= 10011
Corresponding encode word belongs to the column 11011
Therefore d(01010)=11

3) Encoded word= 10100
Corresponding encode word belongs to the column 10101
Therefore d(00110)=10
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Q3c)How many four digits can be formed out of digits 1,2,3,5,7,8,9 if no digits
repeated twice? How many of these will be greater than 30007

Solution: (8)
We have to make 4 digit number without repetition using 1,2,3,5,7,8,9

For this we have to fill 4 spaces (_ ) with required numbers.

1%t space can be filled in 7 ways. (7 _ )

2" space can be filled in 6 ways because we already used one digit in previous space so
only 6 digits are remaining now. (76 _ )

Similarly 3 and 4" space can be filled in 5 and 4 respectively. (7 6 5 4)
So the no of four digits can be formed out of 1,2,3,5,7,8,9 =7*6*5*4
=840 digits

The four digit number greater than 3000 are:
The first place can have number 3,5,7,8,9 i.e 5 digits. 1% space can be filled in 5 ways.

G__J)

2" space can be filled in 6 ways because we already used one digit in previous space so
only 6 digits are remaining now. (56 _ )

Similarly 3™ and 4" space can be filled in 5 and 4 respectively. (5 6 5 4)
So the no of four digits can be formed out of 1,2,3,5,7,8,9 which are greater than
3000 are =5*6*5*4

=600 digits
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Q4a) A bag contains 10 red marbles, 10 white marbles and 10 blue marbles. What is
the minimum no. of marbles you have to choose randomly from the bag to ensure
that we get 4 marbles of same color?

Use pigeonhole Principle.

Solution: (4)

Apply pigeonhole principle.

No. of colors (pigeonholes) n =3

No. of marbles (pigeons) K+1 =4

Therefore the minimum no. of marbles required = Kn+1
By simplifying we get Kn+1 = 10.

Verification: ceil[Average] is [Kn+1/n] = 4

[Kn+1/3] =4

Kn+1 =10

I.e., 3red + 3 white + 3 blue + 1(red or white or blue) = 10

Q4b) Define Euler path, Euler circuit, Hamiltonian path and Hamiltonian circuit.
Determine if following diagram has Euler path, Euler circuit, Hamiltonian path and

Hamiltonian circuit and state the path/circuit. (8)
F
A B
D C
G
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Solution:

Euler path: An Euler path is a path that uses every edge of a graph exactly once.

Euler circuit: An Euler circuit is a circuit that uses edges of a graph exactly once and
which starts and ends with same vertex.

Criteria for Euler cycle:
If a connected graph G has a Euler circuit, then all vertices Of G must have a even degree

Criteria for Euler path:

If a connected graph G has a Euler path then it must have exactly two vertices with odd
degree. The two endpoints of Euler path must be the vertices with odd degree.

In above graph all the vertex has even degree.
Hence there is no Euler path but it has Euler circuit.
Euler circuit: BCEADGCDEBAFB

Hamilton path: Hamiltonian path is a graph that visits each vertex exactly once.
Hamiltonian path: FABEDCG

Hamiltonian circuit: Hamiltonian circuit is a path that visits every vertex exactly once
and which starts and ends on the same vertex.

Criteria for Hamiltonian circuit:
The given condition are necessary but not sufficient

A) A simple graph with n vertices (n>=3) is Hamiltonian if every vertex has degree n/2
or greater.

B) A graph with n vertices (n>=3) is Hamiltonian if for every pair of non-adjacent , the
sum of their degrees is n or greater.

Hamiltonian circuit;: FADGCEBF
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Q4c) In how many ways a committee of three faculty members and 2 students can
be formed from 7 faculty members and 8 students. (8)

Solution:

A committee of 3 faculty and 2 students need to be formed.

Available faculty and students are 7 and 8 respectively.

Out of 7 faculty members 3 faculty members can be chosen in 7C3 ways.
Out of 8 students 2 students can be chosen in 8C2 ways.

Total number of ways of forming a committee =(7C3) * (8C2)

=(7*6*5/1*2*3)x(B8*7/1*2)
=980 ways.

We can form a committee of three faculty members and 2 students from 7 faculty and 8
students in 980 ways.

Q5a)Let Z, denote the set of integers {0,1,2,....... n-1}. Let O be a binary operation
on Z, such that a @ b=reminder of ab divided by n

I) Construct table for the operation O for n=4
I1) Show that (Zn,0) is a semi group for any n
Solution: (4)

1)The table for the operation O for n=4

0] 0 1 2 3
0 0 0 0 0
1 0 1 2 3
2 0 2 0 2
3 0 3 2 1
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I1) The set Z,is closed under the operation © because for any

ab€Z, a®Ob€z, 1)
Now check for associativity for any a,b,c€ Z,

(a O4b) O4c = a O4(b O4C)

Let a=1,b=2,c=3

(1 042) 043 =1 O4(2 O43)

2 043=1 042

2=2

- ©OIs an associative operation. L 2)

From 1) and 2) we conclude that (Z»,0) is a semigroup for any ’n’.

Q5b)Find Transitive Closure of R represented by Mr as follows Using Warshall’s
algorithm set {a,b,c,d}

MR:

O - B O
O O O -
o O+ O
o O o =

Solution: (8)

Lo T Q
oOrR R o
coor
cor o
cooRr
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Stepl: First we copy all 1’s from W to matrix W1.

We observe W has 1°s at b and ¢ position in first column and has 1’s at b and d in first
row.

So add 1’s at (b,b),(b,d),(c,b),(c,d)

~ W1 is same as W

a b ¢ d
al0 1 0 1
_ bl1 1 1 1
Wi= clt 1 0 1
dlo 0 0 0

Step 2: We copy all 1’s from W1 to W2.

We observe that W1 has 1°s at (a,b,c) position in second column and at(a,b,c,d) position
in second row. So we add 1’s at

(a,a),(a,b),(a,c),(a,d),(b,a),(b,b),(b,c),(b,d),(c,a),(c,b),(c,c),(c,d) position in W2,

a b ¢ d
al1 1 1 1
_ bl1 1 1 1
We= clt 1 1 1
dlo 0 0 0

Step 3:we copy all 1’s from W2 to W3.

We observe that W2 has 1’s at (a,b,c) position in third column and (a,b,c,d) position in
third row

So W2 and W3 are same.
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a b ¢ d
a1 1 1 1
b1 1 1 1
W3= clt 1 1 1
dlo 0 0 0

Step4: First we copy all 1’s from W3 to matrix W4.

We observe W3 has 1°’s at (a,b,c) position in fourth column and has no 1’s at fouth
row.

-~ W3 is same as W4

a b ¢ d
all1 1 1 1
b1 1 1 1
W4= cl1 1 1 1
dlo 0 0 0

Hence by Warshall’s Algorithm
Transitive closure={(a,a),(a,b),(a,c),(a,d),(b,a),(b,b),(b,c),(b,d),(c,a),(c,b),(c,c),(c,d)}

Q5c) Let A={1,2,3,4,5} and let

R={(1,1),(1,3),(1,4),(2,2),(2,5),(3,1),(3,3),(3,4),(4,1),(4,3),(4,4),(5,2),(5,5)}. Check if R
is a equivalence relation. Justify your answer . Find equivalence classes of A.
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Solution: (8)

Equivalence relation: A relation R on set A is called equivalence relation if it is
reflexive, symmetric and transitive.

A={1,2,3,4,5}
R={(1,1),(1,3).(1,4).(2,2),(2,5).(3.1),(3.3).(3,4).(4.1),(4,3),(4.4).(5.2).(5.5)}
R is reflexive since (1,1),(2,2),(3,3),(4,4),(5.5) € R.

R is symmetric.

R is transitive.

Hence given relation is equivalence relation.

The equivalence classes of elements A are:
[11={1.3.4}

[2]={2,5}

[3]1={1,3,4}

[4]={1,3,4}

[51={2,5}

Q6a)How many vertices are necessary to construct a graph with exactly 6 edges in
which each vertex is of degree 2.

Solution: (4)

Handshaking Lemma: The sum of the degrees of all vertices of any graph is equal to
twice number of edges.
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Here, number of edges (e) =6
Degree of each vertex= d(v) =2

As per the lemma Y7, d(Vi) =2e
SN X 2= 2X6

- N=6

Hence, there are 6 vertices in the graph.

Q6b)What is the solution of the recurrence relation an= -an-1 +4an-2 + 4an-3 with
ao=8,a1=6 and a;=26?

Solution: (8)
Since it is a linear homogeneous recurrence, we find the characteristic equation of:
r3+r2—4r—4=0
which we can rewrite as:
3+—dr+r2—4=rr?-4)+(r°-4)=0
which factors as (r + 1)(r — 2)(r + 2).
From our theorem, we know that
an=ol(—1)"+ 02(—2)"+ a 3 (2" ) is a solution.

We need to use the initial conditions to solve this.

a0=oal +o2+a3=8 . (1)
al=—al —202+203=6 e (i1)
a2=al+402+403=26 (111)
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After multiplying the first equation by 4 and then subtracting the third equation, we get
al = 2. Substituting and combine the second and third equations, we get a2 = 1, and then
a3 =5.

Thus the closed form of the recurrence is:an=2 (—1)"+ (-2)"+5x (2").

Q6c) Determine if following graphs G1 and G2 are isomorphic or not. (8)
V2
Wl
e3
el
e2
b e4 V4 es V3
W4
Gl G2
Solution:

Two graphs G(V,E) and H(V’,E") isomorphic if

1) There is one to one correspondence f from V to V' such that f(V1)=V1 and
f(V2)=V2’ for every (vl, v2)€V and (v1’, v2° Y€ V’

2) G and H should have equal no. Of edges.

3) G and H should have equal no. Of vertices.

4) G and H should have same degree of vertices

5) Adjacency property is observed in each vertex.
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From the above two graphs:

Graph G1
Number of vertices 4
Number of Edges 5
Vertex Degree of vertex Adjacent vertices
V1 2 V2(3),V4(3)
V2 3 V1(2),V4(3),V3(2)
V3 2 V2(3),V4(3)
V4 3 V1(2),V2(3),V3(2)
Graph G2
Number of vertices 4
Number of Edges 5
Vertex Degree of vertex Adjacent vertices
W1 3 W2(2),W3(3),W4(2)
W2 2 W1(3),W3(3)
W3 3 W1(3),W2(2),W4(2)
W4 2 W1(3),W3(3)

We observe that,
There are equal no of edges and vertices for both graph.

Graph G1 has 2 vertices with degree 2, two vertices with degree 3.
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Graph G2 has 2 vertices with degree 2, two vertices with degree 3.
Adjacency property is observed in each vertex.

Hence the two graphs are isomorphic.
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DISCRETE STRUCTURES
MAY 19 (CBCS)

Q1 a) Prove using Mathematical Induction
2+5+8+....+(3n-1)=n(3n+1)/2 Q)

Solution:
Let P(n)= 2+5+8+....+(3n-1)=n(3n+1)/2

Stepl: n=1
LHS=3x1-1
=2

RHS=1(3x1+1)/2
=2

LHS=RHS

P(n) is true for n=1.

Step2:
Let P(n) be true for n=k
24548+, . ABk-1)=Kk(Bk+1)/2 o (1)

Now we have to prove that P(n) is true for n=k+1

2+5+8+....(3k-1)+[3(k+1)-1]=(k+ )[3(k+1)+1]/2
LHS=2+5+8+....(3k-1)+[3(k+1)-1]
=k(3k+1)/2+[3(k+1)-1]
=(3k?+k)/2+[3k+2]
=3k>+7k+4/2
=(k+1)(3k+4)/2

RHS=(k+1)[3(k+1)+1]/2
=(k+1)(3k+4)/2

LHS=RHS
P(n) is true for n=k+1

Hence from step1 and step2

By the principal of mathematical induction
2+5+8+....+(3n-1)=n(3n+1)/2




Q1 b) Find the generating function for the following finite sequences

I 1,2,34,..........

1) 2,2,2,2,2 5)
Solution:

I) If {am}={a0,a1,a2,a3....} is a sequence of real numbers and x is a real variable then
Ordinary generating function of the sequence is infinite sum
g(x)= i anX"=aorarX +taxx*tazx’+........
n=0
For sequence {a,}={1,2,34,....... }
gxX)=1+2x+3x2+4x3+........
=(1-x)?
=1/(1-x)?
The generating function g(x)=1/(1-x)?

IT) If {am}={a0,a1,a2,a3....} is a sequence of real numbers and x is a real
variable then Ordinary generating function of the sequence is infinite sum

o0

g(x)= Z an X"=ap+a1 X tarx>+az x> +.......
n=0

For sequence {a,}={2,2,2,2,2}

g(x)=2+2x +2x%+ 2 x* +2 x* which id GP with first term a=2 number of terms n=5
and  common ration r=x

In GP sum of series

Sp=—"-(1"-1)
r-1
The generating function g(x) =i1(x5 -1)
x f—

Q1 c¢) Let A={1,4,7,13} and R={(1,4), (4,7), (7,4),(1,13)}
Find Transitive closure using Warshall’s Algorithm.

C))

Solution:

1 4 7 13
110 1 0 1
) ) 410 01 0O
Relation matrix W= Mgr=
710 1 0 O
1310 0 0 O




Stepl: First we copy all 1’s from W to matrix W1.

We observe W has no 1’s at first column and has 1’s at 4 and 13 in first row.
- W1 is same as W

—_
3

13

=

I
===
S~ o ~
c o = o +
o o o ~

Step 2: We copy all 1’s from W1 to W2.
We observe that W1 has 1’s at (1,7) position in second column and at(7) position in
second row. So we add 1’s at (1,7) and (7,7) position in W2.

1 4 7 13
110 1 1 1
410 0 1 0
W2=
710 1 1 0
1310 0 0 O

Step 3:we copy all 1’s from W2 to W3.
We observe that W2 has 1°s at (1,4,7) position in third column and (4,7) position in third

Trow
So we add 1’s at (1,4), (1,7),(4,4),(4,7),(7,4)(7,7) in W3.

13

N
o o o
O st =R
S = = = 9
o o o

13

Step4: First we copy all 1’s from W3 to matrix W4.
We observe W3 has 1’s at (13) position in fourth column and has no 1’s at fouth row.
- W3 is same as W4




1 4 7 13

110 1 1 1
410 1 1 0
Wa=
710 1 1 O
130 0 0 O

Hence by Warshall’s Algorithm
Transitive closure={(1,4)(1,7)(1,13)(4,4)(4,7)(7,4)(7,7)}

Q1 d) Let f: R O R, where f(x)=2x-1 and f!(x)=(x+1)/2
Find (f O f)(x)
Solution: )

f(x)=2x-1
f1(x)=(x+1)/2

(fO FH(x)= f(f'(x))

~(*25)

x+1

:2(7)'1

=x+1-1
=X




Q2 a) Define lattice. Check if the following diagram is a lattice or not. “4)

Solution:

A posset (L,<) in which every pair (a,b) of L has a LUB(least Upper Bound) and GLB
(Greatest Lower bound ) is called a lattice.

For eg.

Let R be a relation of divisibility. Consider the set of divisors of 625

i. e. Des={1,5,25,125,625}

625

125

25

1

The hasse diagram for De»s is
We observe that every pair of elements of Ds2s has a LUB and GLB.
Also each LUB and GLB & Deos.

The given diagram is lattice because it has LUB and GLB.




Q2 b) Prove that set G={1,2,3,4,5,6} is a finite abelian group of order 6 w.r.t
multiplication module 7.

Solution: 3
X7 1 2 3 4 5 6
1 1 2 3 4 5 6
2 2 4 6 1 3 5
3 3 6 2 5 1 4
4 4 1 5 2 6 3
5 5 3 1 6 4 2
6 6 5 4 3 2 1

Gl1:

Consider any three numbers from table

5x(6x3)=5x4=6

(5x6)x3=2x3=6

As5x(6x3)=(5x6)x3

Hence x is associative.

G2:

From table we observe first row is same as header.

1€ G

Hence Identity of x exists.

G3:
Consider any two number from table
4x2=1and2x4=1

Hence x 1s commutative.

G4:
Inverse of x exists.




Q2 ¢) A travel company surveyed it’s travelers, to learn how much of their travel is
taken with an Airplane, a Train or a car. The following data is known; make a
complete Venn Diagram with all the data. The number of people who flew was 1307.
The number of people who both flew and used a train was 602. The people who used
all three were 398 in number. Those who flew but didn’t drive came to total 599.
Those who drove but did not use train totaled 1097. There were 610 people who

used both trains and cars. The number of people who used either a car or train or
both was 2050. Lastly, 421 people used none of these .Find out how many people
drove but used neither a train nor an airplane, and also, how many people were in
the entire survey.

Solution: 8)

Air(A)

VoY,

Train(T)
Car(C

Let A be the set of people who flew

Let C be the set of people who travelled by car
Let T be the set of people who travelled by train
N(A~T~C)= 398

N(A)= 1307

N(A~T)=602

The people who flewed and travelled by train but didn’t travelled by car
= N(A~T) - N(A~T~C)

= 602-398

= 204

People who flew but didn’t drive are 599.
Therefore people who only flew are 599- 204=395




N(C)=1097

N(C~T)=610

The people who travelled by car and train but didn’t flew
= N(C~T) - N(A~T~C)

=610-398

=212

The people who flewed and travelled by car but didn’t travelled by train are =310
Those who drove but did not use train totaled 1097

The people who travelled by only car = 1097-310=787

The people who travelled by only train= 139

The no of people who drove but used neither a train nor an airplane= 787
The no of people in entire survey were =2866

Q3a)Prove —(pV(—pAq) and (—pA—q)arelogically equivalent by
developing a series of logical equivalences.

Solution: 4)
~(pVvV(pAQq))

“pA=(7pAQ) By Demorgan’s law

pA(PV Q) By double negation

(pAp) V (pA—q) By distributive law

F Vv ((pA—q) (—pAp)=F

pA—q) By Identity law

Hence —(pvV(—pAq)) and (—7p A —q) are logically equivalent.

Q3 b) Consider the (3,5) group encoding function defined by 8)
¢(000)=00000
¢(010)=01001
¢(100)=10011
¢(110)=11010
¢(001)=00110
e(011)=01111




e(101)=10101

e(111)=11000

Decode the following words relative to maximum likelihood decoding functions.
)11001 ii)01010 1ii)00111

Solution:
The decoding table is as follows:

00000 | 00110 01001 01111 10011 10101 |11010 [11000
00001 00111 |01000 |0O1110 |10010 |10100 [11011 |11001
00010 | 00100 |01011 |[O1101 |[10001 [10111 |11000 |11010
00100 | 00010 |O01101 |[O01011 |[10111 [10001 |11110 |[11100
01000 01110 (00001 |OO111 {11011 |11101 | 10010 |10000
10000 10110 | 11001 [11111 |00011 |00101 |O1010 |0OI1000
10001 10111 | 11000 {11110 |00010 |00100 |0O1011 |O1001
10010 [ 10100 [11011 [11101 {00001 {00111 |0O1000 |O01010

1) Encoded word= 11001
Corresponding encode word belongs to the column 01001
Therefore d(11001)=010

2) Encoded word= 01010
Corresponding encode word belongs to the column 11010
Therefore d(01010)=110

3) Encoded word= 00111

Corresponding encode word belongs to the column 00110
Therefore d(00110)=001

Q3c) Mention all the elements of set D3¢ also specify R on D36 as aRb if a|b. Mention
Domain and range of R. Explain if the relation is equivalence relation or a Partially
Ordered Relation. If it is A Partially Ordered Relation, draw its Hasse Diagram.
Solution: 8

Ds=1{1,2,3,4,6,9,12,18,36}
R={(1,1)(1,2)(1,3)(1,4)(1,6)(1,9)(1,12)(1,18)(1,36)(2,2)(2,3)(2,4)(2,6)(2,9)(2,12)(2,18)(2,

36)(3,3)(3,4)(3,6)(3,9)(3,12)(3,18)(3,36)(4,4)(4,6)(4,9)(4,12)(4,18)(4,36)(6,6)(6,9)(6,12)
6,18)(6,36)(9,9)(9,12)(9,18)(9,36)(12,12)(12,18)(12,36)(18,18)(18,36)(36,36)}




Domain of R ={1,2,3,4,6,9,12,18,36}
Range of R={1,2,3,4,6,9,12,18,36}

A relation R on a set A is called a partial order relation if it satisfies the following three
properties:

® Relation R is Reflexive, i.e. aRa V a€EA.
® Relation R is Antisymmetric, i.e., aRb and bRa =a =b.
® Relation R is transitive, i.e., aRb and bRc ==aRc.

For D36 Relation R is reflexive, antisymmetric and transitive
Hence it is partial order relation.

Hasse diagram of D36 is




Q4a) Explain Extended pigeonhole principle. How many friends must you have to

guarantee that at least five of them should will have birthdays in the same month.

Solution: @)
Extended pigeonhole principal

It states that if n pigeons are assigned to m pigeonholes (The number of pigeons is very
large than the number of pigeonholes), then one of the pigeonholes must contain at least
[(n-1)/m]+1 pigeons.

Here Number of pigeons =n = ?
No. of pigeonholes = m = 12 (months)
2 [(m—1)/m]+1=5
[(n—1)/12]+1=5
n-1=48

n =49 [ No. of pigeons]

.. 49 friends should be their to guarantee that at-least five of them must have birthday in
a same month of year.

Q4b) Define Euler path and Hamilton path.

I) Determine Euler cycle and path in graph shown in (a)

II) Determine Hamiltonian cycle and path in graph shown in (b) 3
A B a b
E
C D d .
(a) (b)




Solution:

Euler path: An Euler path is a path that uses every edge of a graph exactly once.

Euler circuit: An Euler circuit is a circuit that yses edges of a graph exactly once and
which starts and ends with same vertex.

Criteria for Euler cycle:

If a connected graph G has a Euler circuit,then all vertices Of G must have a even degree
In fig(a)

Since vertices B and D have odd degree.

Therefore there is no Euler cycle for fig(a).

Criteria for Euler path:

If a connected graph G has a Euler path then it must have exactly two vertices with odd
degree. The two endpoits of Euler path must be the vertices with odd degree.

The Euler path- BACDBED

Hamilton path: Hamiltonian path is a graph that visits each vertex exactly once.

Hamiltonian circuit: Hamiltonian circuit is a path that visitsevery vertex exactly once
and which starts and ends on the same vertex.

Criteria for Hamiltonian circuit:
The given condition are necessary but not sufficient

A) A simple graph with n vertices (n>=3) is Hamiltonian if every vertex has degree
n/2 or greater.

B) A graph with n vertices (n>=3) is hamiltonian if for every pair of non-adjacent , the
sum of their degrees is n or greater.

For graph (b)
Hamiltonian path= abcdb

There is no hamiltonian cycle.




Q4c) In a group of 6 boys and 4 girls, four children are to be selected. In how many
different ways can they be selected such that at least one boy should be there?

Solution: t))

In a group of 6 boys and 4 girls, four children are to be selected such that
at least one boy should be there.
So we can have

(four boys) or (three boys and one girl) or (two boys and two girls) or (one boy and three
girls)

This combination question can be solved as

=(°Ca)H(°Cs* *C)H(°Co* *Co)+(°Cr* *C3)
=[6X5/2X 1 ]H[(6%5%4/3X2x1)X4]+[(6X5/2%1)(4x3/2x1)]+[6%4]
=15+80+90+24

=209

Q5a) Let G be a group. Prove that the identity element e is unique.
Solution: 4)
As the identity element e €G is defined such that ae=a Va€G.

While the inverse does exist in the group and multiplication by the inverse element gives
us the identity element, which assumes that the identity element is unique.

A more standard way to show this is suppose that e,f are both the identity elements of a
group GG.

Then, e= e o f since f is the identity element.
=f'since e is the identity element.

This shows that the identity element is indeed unique.




QS5b) A pack contains 4 blue, 2 red and 3 black pens. If 2 pens are drawn at random
from the pack, Not replaced and then another pen is drawn. What is the probability
of drawing 2 blue pens and 1 black pen?

®)
Solution:
Total blue pens: 4
Total red pens: 2
Total black pens: 3
Total pens: 4+2+3=9
Probability of drawing 2 blue pens=*C, /°C, =4 x 3/9x 8= 1/6

After these the pens are not replaced. Therefore there are only 7 pens left.

Probability of drawing 1 black pen from 7 pens=3C1 /’C1 = 3/7
Probability of drawing 2 blue pen and 1 black pen=1/6 x3/7 =1/14

Q5c) Let A be a set of integers, let R be a relation on AxA defined by (a,b) R (¢,d) if
and only if a+d=b+c.

Prove that R is an equivalent relation.
Solution: 8)
Relation R is defined by (a,b) R (c,d) if and only if a+d=b+c.
[) Put a=c and b=d in a+d=b+c
. c¢td=d+c, which is true
.. (c,d) R (c,d)

Therefore R is reflexive.

IT) Let (a,b) R(c,d)

a+d=b+c




.". btc=a+d
.. ctb=d+a
- (Cad)R(aab)

R is symmetric.

IIT) Let (a,b)R(c,d) and (c,d)R(e,f)

atd=b+c ... (1)
AndcH=d+c ..oooviiii (2)
Adding (1) and (2)

(atd)H(ctH)=(bt+c)H(d+c)
.. atf=b+te
(a,b)R(e,f)

Hence R is an equivalence relation.

Q6a) Define reflexive closure and symmetric closure of a relation. Also find
reflexive and symmetric closure of R.

A={1,2,3.4}

B={(1,1),(1,2),(1,4),(2,4),(3,1),(3,2),(4,2),(4,3),(4,4)}

Solution: 4)
Reflexive closure: A relation R'is the reflexive closure of a relation R if and only if

(1) R'1s reflexive,

(2)R= R',and

(3) for any relation R"”, if R = R" and R" is reflexive, then R' = R", that is, R'is the
smallest relation that satisfies (1) and (2).

Symmetric closure:A relation R’ is the symmetric closure of a relation R if and only if
(1) R'is symmetric,

(2)R= R',and

(3) for any relation R”, if R = R", and R" is symmetric, then R’ = R", that is, R'is the
smallest relation that satisfies (1) and (2).




A={1,2,3,4}

B={(1,1),(1,2),(1,4),(2,4),(3,1),(3,2),(4.,2),(4,3),(4,4)§
If A is euality relation then Reflexive closure RI=AUuR .......... (1)
Symmetric closure R2=RUR! .............. ()

Reflexive closure:

A={(1,1),(2,2),(3,3),(4,.4)}
From (1)

Reflexive closure R1=A u R=
{(1,1),(1,2),(1,4),(2,2),(2,4),(3,1),(3,2),(3,3),(4,2),(4,3),(4,4) }

Symmetric closure:

R7={(1,1),(2,1),(4,1),(4,2),(1.3),(2,3),(2.4),(3.4)}
R2=R U R''= {(1,1),(1,2),(1,3),(1,4),(2,1),(2,3),(2,4),(3,1),(3,2),(3,4),(4,1),(4,2),(4.3)}

—_—
—_—

1
Q6b) let H= |

S == O
el =R )

Be a parity matrix. Determine the group code B? ---> B¢

Solution: 3
Let en: B™ ---=>B" be encoding function.

If b=bibsbs...... bm then

eu(b)=bibsbs...... bm X1X2X3...... ) TR (1)




Where r=n-m and

X=bi.hi+ ba.hortbshae b hmee oo (2)
Let B={0,1}
.".B*={000,001,010,011,100,101,110,111}

[e—
—

1
Given B?--->Bfand H=

[=)
S = O
- o O

Here m=3, n=6
hi1=1, hi2 =0, h13=0, h21=0, h2o=1,h23=1,h31=1,h32=1,h33-1
.. r=n-m=6-3=3
€ For b=000, b;=0,b>=0,bs=0
.".From (1), en(000)=bb2bsxx2X3

:000X1X2X3

.".From (2), x,/=b1.hir+ ba.hartbs.hs:
:O.hlr+ 0.h2r+0.h3r20
L x1=0, x2=0,X3-

".e1(000)=000000

‘ For b:()()l, b1=0,b2:0,b3=1
.".From (1), en(001)=b1b2bsx1x2x3
=001x1x2X3

.. From (2), x,=b1.hir+ ba.hortbs.hs;




:O.hlr+ 0h21‘+1 .h}r:h3r
X1=h31=1 ,X2:h32=1, X3=h33:1

.en(001)=000111

€ For b=010, b1=0,b>=1,b3=0
..From (1), en(010)=b1bsbsx1x2x3
=010x1x2x3
..From (2), x,=b1.hi+ ba.hortbs.hs;
=0.hi+ 1.h+0.hs=h,
. x1=h21=0 ,x>=h»>=1, x3-h3=1

-.en(010)=010011

€ For b=011, b;=0,b>=1,bs=1
..From (1), en(011)=bib2bsxx0x3
=011x1x2x3
..From (2), x,=b1.hi+ ba.hortbs.hs;
=0.hi+ 1.ho+1.h3=harths,
"« x1=h21+h31=0+1=1 ,xo=h>+h3,=1+1=0, x3-h3,+h33=1+1=0

.en(011)=011100

’ For b=1 00, bi=1 ,bzz 1 ,b3=0
..From (1), en(100)=b;babsxx2x3
=100x1x2X3

.. From (2), x,=b1.hi+ bo.hortbs.hs;




:1 .h1r+ O.th—J’_O.h}r:h]r
X1=h11=1 ,X2:h12=0, X3=h13:0

.".en(100)=100100

€ For b=101, b;=1,b>=0,bs=1
..From (1), en(101)=b1bsbsx1x2x3
=101x1x2xX3
..From (2), x,=b1.hi+ ba.hortbs.hs;
=1.hi+ 0.ho+1.hs=hi+hs,
.. x1=h11+th31=1+1=0 ,x,=h>+h3;,=0+1=1, x3-h;3+h3:=0+1=1

-.en(101)=101011

€ Forb=110, bi=1,b,=1,b3=0
.".From (1), en(110)=b;bsb3x1X2X3
=110x1X2X3
..From (2), x,/=b1.hi+ ba.hortbs.hs;
=1.h;+ 1.ho+0.h3=h;+ho,
.. X1=h11+h2;=140=1 ,xo=h2+h2=0+1=1, x3-h;3t+h3=0+1=1

Ceen(110)=110111

‘ For b=11 1, b1=1,b2=1,b3=1
..From (1), en(111)=b1bsbsx1x2x3
=11 1X1X2X3

.".From (2), x,=b1.hir+ ba.hartbs.hs;




=1.hi+ 1.ho+1.hs=hithoths
.. x1=hy1t+h2;+h3;=1+0+1=0 ,
x2=hi2th2+th3=0+1+1=0,
x3=h13t+has+h33=0+1+1=0
“een(111)=111000
Hence the(3,6) encoding function en:B? ---> B®is defined as:

¢(000)=000000,e(001)=001111,e(010)=010011,¢(011)=010011,e(100)=100100,e(101)=1
01011,e(110)=110111,e(111)=111000.

Q6c¢) Determine if following graphs G1 and G2 are isomorphic or not. 8
E B D " v x "
W
A C u W
(G1) (G2)
Solution:

Two graphs G(V,E) and H(V’,E") isomorphic if

1) There is one to one correspondence f from V to V' such that f(V1)=V1 and
f(V2)=V2’ for every (vl,v2)€ Vand (vl’,v2 )€ V’

2) G and H should have equal no. Of edges.

3) G and H should have equal no. Of vertices.

4) G and H should have same degree of vertices

5) Adjacency property is observed in each vertex.




From the above two graphs:

Graph G1
Number of vertices 6
Number of Edges 6
A |
Vertex Degree of vertex Adjacent vertices
A 1 B(@3)
B 3 A(1), C(3), E(2)
C 3 B(3), D(1), F(2)
D 1 C@3)
E 2 B(3), F(2)
F 2 E(3),C(2)
Graph G2
Number of vertices 6
Number of Edges 6
ION, W
Vertex Degree of vertex Adjacent vertices

Y 1 V(2)
A% 2 Y (1), UQ3)
X 2 7Z(2), U(3)
V4 2 X(2),W(2)
U 3 V(2), X(2),W(2)
W 2 U@B3),Z(2)

We observe that,
There are equal no of edges and vertices for both graph.
Graph G1 has 2 vertices with degree 1, two vertices with degree 2 and two vertices with

degree 2.




Graph G2 has one vertices with degree 1, four vertices with degree 2 and one vertex with
degree 3.
Therefore, the degree in two graphs are not equal.

Hence the two graphs are not isomorphic.
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Q1l.a) Prove by induction that the sum of the cubes of three consecutive

numbers is divisible by 9.

Solution :- Let the consecutive numbers be n, n+1, n+2

P(n): n’ + (n+1)® + (n+2)® = 9k
LHS: 1’ +2°+3°=>1+8+27=36

36 is divisible by 9

Let us assume P(k) is true;
LHS : K* + (k+1)® + (k+2)° = 9m

=>(k+1)? + (k+2)? = 9m -k’

Let us prove P(k+1) is true;
LHS : (k+1)° + (k+2)? + (k+3)?
=>9m-k’ + (k+3)?
=>9m-Kk° + K’ + 9Kk* + 27k + 27
=>9m + 9K* + 27k + 27
=>9(m + k* + 3k + 3)
Which implies P(k+1) is true
Therefore, P(k) is true
Therefore, P(n) is true.

Hence forn € N, the result is true.

[5]




Q1.b) Find the generating function for the finite sequences.
1)2,2,2,2,2,2 i)1,1,1,1,1,1 [5]
Solution:

1. Multiplying the sequence successively by x5 K

0 1 2 3

2X +2X + 2X +2X + ..
0 1 2 3

2(x +x + X +X +..)

2(1-x)?!

2
Ans: —
ns 1x

. . . 0 "2 9
2. Multiplying the sequence successively by x ,x, X°, X7, ....
X+x XX+
0 1 2 3
X +x + X +x +..)

(1-x)"

Ans : L
1-x

Q1l.c) A box contains 6 white balls and red balls. In how many ways 4 balls can
be drawn from the box if, i) they are to be of any color ii)all the balls to be of
the same color. [5]

Solution :

1. There are 11 balls and 4 are to be drawn.

This can be done in 11C4 =330
2. All the balls of same color:

4 white balls can be drawn from 6C4




4 red balls can be drawn from 5C4

Number of ways =6C,.5C, = 15x5 =75

Q1.d) Find the complement of each elementin D, [5]

sol: D. ={1,2,3,5,6,10,15,30}

30

1 v 30
2 v 30
3 v 30
5 v 30
6 v 30
10 v 30
15 v 30
30 v 30
1 A 1
2 A 1
3 A 1
5 A 1
6 A 1
10 A 1
15 A 1
30 A 1




<>

2 3

Q2.a) Define Isomorphism of graphs. Find if the following two graphs are
isomorphic. If yes, find the one-to-one correspondence between the vertices.
(8]

® ()
C -
© O,
G2
G1
Solution :
If two graphs are isomorphic then:
i) They must have same number of vertices.
ii) They must have same number of edges.

iii) They must have same degree of vertices.




Gl

n(G1)=8

n(G2)=8

G2

no. of edges=12 no. of edges=12

degree of each vertex=3 degree of each vertex=3

Ans: The graphs are isomorphic.

Q2.b) In a certain college 4% of the boys and 1% of the girls are taller than 1.8
mts. Furthermore 60% of the students are girls. | a student at random is taller
than 1.8 mts, what is the probability that the student was a boy? Justify your

answer.

Solution:

For the convenience suppose there are 1000 students in the college.

[8]

Therefore,
Taller than 1.8 Less than 1.8 Total
Boys 16 384 400
Girls 6 594 600
Total 22 978 1000




Since the student selected at random is found to be taller than 1.8, the student is one of 22.
But one of 22 students, 16 are boys

Therefore, the required probability = 16 = 8

22 11

Ans: 8/11

Q2.c) Prove -~ (pV(~pAq))and ~pA ~ q are logically equivalent by
developing a series of logical equivalences. [4]

Solution :

By Distributive law,

=> ~ ((~pvp) A (pV Q)

=> ~ (T A (pVvaq)) [(~pVvp) = T]
=> - ((pVva)
= ~pA -( By Demorgan’s

Q3.a) Prove that set G={1,2,3,4,5,6} is a finite abelian group of order 6 with

respect to multiplication modulo 7. [8]
Solution:

X, 1 2 3 4 5 6

1 1 2 3 4 5 6

2 2 4 6 1 3 5

3 3 6 2 5 1 4

4 4 1 5 2 6 3

5 5 3 1 6 4 2

6 6 5 4 3 2 1




From the table, X, is associative

Eg:2X, (3X, 5)=2X 1=2
(2X,3)X,5)=6X 5=2

aX e=a

Here e=1, identity element =1

aX, al=e

Every element has a multiplicative inverse.

Also,aX e = bX7a

4X.5=6

5X,4=6

Ans : Therefore, G is abelian group.

Q3.b)LetA={1,2,3,4,5}, let R={{1,1},{1,2},{2,1},{2,2},{3,3},{3,4},{4,3},{4,4},{5,5}}
and S$={{1,1},{2,2},{3,3},{4,4},{4,5},{5,4},{5,5}} be the relations on A. Find the
smallest equivalence containing relation R and S. [8]

Solution.

MR: 1 1 0 0 O

MS: 0O 0 1 0 ©O




Mps = 1 0 0
o 0 1
o 0 1

Cl: 1 is at
R1l:1isat1,2

Put 1in(1,1), (1,2), (2,1), (2,2)

1 1 0
Wi1= 1 0 O
0o 0 1

C2:1isat0 0 1

R2: 1 is at 0 0 0
Put 1 in

1 1 0

W2 = 1 0 0

0 0 1

0 0 1

C3: 1 is at 0 0 0
R3: 1 is at

Put 1in (3,3), (3,4), (4,3), (4,4)

by Warshall’s Algorithm,

1,2

1,2
1,2

(1,2), (1,2), (2,1), (2,2)

3,4

3,4




C4:1isat4,5,6
R4:1is at 4,5,6

Put1in (4,4), (4,5), (4,6), (5,4), (5,5), (5,6), (6,4), (6,5), (6,6)

C5: 1 is at 0 0 0 1 1 5,6
R5: 1 is at 5,6
Put1in (5,5), (5,6), (6,5), (6,6)
1 1 0 0 O
W5 = 1 0 0 0 O
o 0 1 1 o0
o o0 1 1 1
Therefore, o o o0 1 1
transitive closure =

{(1,1),(1,2),(2,1),(3,3),(3,4),(4,3),(4,4),(4,5),(5,4),(5,5)}

Q3.c) Test whether the following function is one-to-one, onto or both.

fiZ-Z,f(x) =x" +x+ 1

Sol : The setis Z

8]




To test whether function is injective,
flx,) = f(x,)
2 2
=X +x +1=x+x +1
=> (xz—xl)(x1 +x,+1)=0

Therefore, X -x =0; X, +X,+1=0

Therefore, f is not injective.
Now,y:x2+x+ 1

Ify=0;x, +x,+1=0

<= -1+1-4
2

=> xis imaginary, ie, & Z

Therefore, f is not surjective.

Ans: The function f is not one-to-one or onto

Q4.a) Show that the (2,5) encoding function e:B’— B’ defined by
e(00)=00000 e(01)=01110

e(10)=10101 e(11)=11011 is a group code.

How many errors will it detect and correct? [8]
Sol:
® 00000 01110 10101 11011
00000 00000 01110 10101 11011
01110 01110 00000 11011 10101
10101 10101 11011 00000 01110
11011 11011 10101 01110 00000




From diagonal elements, 00000 is identity element.
x@®y € Nforxy €N

Every element has its inverse.

Therefore, e is a groupcode.
00000,01110=5(w,x)=3

00000,10101=3(w,y)=3

00000,11011=5(w,z)=4

01110,10101=3(x,y)=4

01110,11011=3(x,z)=3

10101,11011=8(y,z)=3

Therefore, the minimum distance = 3
k+1=3,
k=2

Ans: It can detect 2 or less errors.

Q4.b) Let H=

be a parity check matrix. Determine the group code eH:B°—B°

8]

Sol:




B’= {000,001,010,011,100,101,110,111}
Xl = blhll + b2h21 + b3h31
XZ = b1h12 + bZhZZ + b3h32

X = b1h13 + b2h23 * b3h33

ButH=10 1 1

1 11

100]

Substituting the values;
e(000) = 000 x, x, x,
X1=0.1 +0.0+0.1=0
x,=00+01+01=0

X3=0.0+0.1+0.1:0

e(001) = 001x, x, X,
x,=01+00+11=1
x,=00+01+11=1

X3=0.0+0.1+1.1=1

e(010) = 010 x, x, x,
x,=01+10+01=0
X2=0.0+1.1+0.1=1

x3=0.0+1.1+0.1=1

e(011) = 011x, x, x,
X1:0.1 +1.0+11=0
X2=0.0+ 1.1+1.1=0

x3=0.0+1.1+1.1:0




e(100) = 100 x, x, x,
x1:1.1+0.0+0.1:1
X, = 1.0+0.1+0.1=0

x3=1.0+0.1+0.1=0

e(101) = 101 x, x, x,
x,=11+00+11=0
x,=1.0+01+11=1

x3=1.0+0.1+1.1=1

e(110) = 110x, x, x,
x,=11+10+01=1
x,=1.0+11+01=1

X3=1.0+1.1+0.1=1

e(111) = 111x, x, x,
X, = 1.1+1.0+11=0
X, = 1.0+1.1+11=0

X3=1.0+1.1+1.1=0

¢(000) = 000000
e(001) = 001111
e(010) = 010011

e(011) = 011100

¢(100) = 100100
e(101) = 101011
e(110) = 110111

e(111) = 111000




Q4.c) How many friends must you have to guarantee that at least five of them
will have birthdays in the same month? [4]

Sol : Since there are twelve months considering even distribution, if there are 48 friends,
atleast 4 will have birthday in the same month.

Hence, if we have 49 friends, then five of them will have birthday in the same month.

Or by extended pigeonhole principle,

LY PR

12

=> n—1 :4
12

=>n-1=48

Therefore, n=49.

Ans: Total friends needed so that at least five of them will have birthdays in the same month
=49

Q5) a] Let G be a set of rational numbers other than 1. Let * be an operation
on G definedbya*b=a+b-abforalla, b €G. Prove that (G, *)isa group

(8)
Solution:-
Leta,bEG
Assume, a+b-ab =1
a-b+b-ab =0
(a-1D(-b+1) =0
a=1 and b=1;sincea, b € G the set of rational numbers
a*(b*c)=a*(b+c-bc) =a+(b+c-bc)-a(b+c+bc)

= a+b+c-bc-ab-ac-abc




G is associative
a*0=0; 0 €Gisidentity

a*a'=0; a'existsV(x,y)€ER

Q5] b)solvea -7a +10a_, =6 +8r givena =1,a =1 [4mk]

2
Solution:-

a.-7a.+10a ,=0
r’-7r+10=0

(r-2)(r-5) =0 r=2;5

Roots are real rational and distinct

Let the solution be

a” = A2" + B5

F(r) is linear ; we assume particular solution as ar+b
(an+b) - 7[a(n-1)+b] + 10[a(n-2)+b]-6-8n =0
(4a-8)n + (-13a+4b-6) = 0

4a-8=0

a=2

-26 +4b-6=0

b=8

Solution:-a_=2(2)"+3(5)" + 2n + 8

Q5] c) Let A ={a,b,c,d,e,f,g,h}. Consider the following subsets of A
Al={a,b,c,d} A2={a,c,e,g h} A3={ace,g}
Ad4={b,d} A5={fh}

Determine whether following is partition of A or not. Justify your answer.




1. {A1,A2} 2. {A3, A4, A5}
Solution:-
For partitionA, UA, U ....A = A
AndA NA=0;1 #]
Consider A, = {ab,c,d} and A, ={acegh}
A UA = {ab,cd} U {acegh}= {abcdghe} #A
A NA ={ac}#0
{Al,AZ} is not a partition
Consider A3,A4’A5_
A, ={aceg} A, ={bd} A ={fh}

A,UA UA = {a,b,c,de,fgh} = A

A,NA,=0
A,NA =0
A,NA =0

A3,A4,A5 is a partition.

(8)

Q6] a) Draw the Hasse Diagram of the following sets under the partial order

relation divides and indicate which are chains. Justify your answers.

1. A={2,4,12,24}
2. A={1,3,5,15,30}
Solution:-

The given partial order relation is divides

1. A={2,4,12,24}

(8)




2. .
The poset is a chain
3. B={1,3,5,15,30}
30
15
3 5
(
Ir 29
- '2
P R
l,

The poset is not a chain

Q6] b) Let the functions f, g and h defined as follows: (8)

f:R->R, f(x)=2x+3




g:R->R, g(x) =3x +4
h: R->R,h(x) = 4x
find gof, fog, foh and gofoh

Solution:-

g(f(x))

= g(2x+3)

1. gof

= 3(2x+3)+4
= 6x+9+4

= 6x+13

2. fog = f(g(x))
= f(3x+4)
= 2(3x+4)+3
= 6x+8+3

= 6x+11

3. foh = f(h(x))
= f(4x)
= 2(4x)+3
= 8x+3

4. gofoh g(f(h(x)))

= g(f(4x))

= g(2(4x)+3)

= g(8x+3)

= 24x+9+4




24x+13

Q6] c) Determine Euler Cycle and path in graph shown below (4)

Solution:-

No Eulerian path exists as 4 vertices are of odd degree i.e a, ¢, g, f are of odd degree = 3

The graph is not Eulerian as not every vertex has even degree.




